Abstract: This paper studies the non-uniform air-gap caused by stator and rotor deformations, together with its effects on the spatial and temporal spectrum of the radial magnetic force density in an interior permanent magnet synchronous motor (IPMSM). According to the mathematical model of the deformed air-gap length, the superposition method is adopted to derive the air-gap permeance. Then, the formulas of the magnetic flux field and radial force density of the IPMSM considering air-gap deformation are obtained. Considering the stator oval deformation and the rotor centrifugal distortion in the electromagnetic finite element models (FEMs), the finite element analysis (FEA) and experiments of the investigated IPMSM are carried out to verify the results obtained by the theoretical analysis at different operations. Finally, the mathematical correlation between air-gap deformation and electromagnetic vibration is obtained. The result is helpful in solving problems of mutual influence between electromagnetic and mechanical characteristics during the optimization design of IPMSM.
Introduction
Interior permanent magnet synchronous motors (IPMSMs) have been widely applied in electrical vehicle systems due to the advantages of high power density, high torque density, high efficiency, low torque ripple, and so on [1] [2] [3] [4] [5] [6] . The vibration in the permanent magnet synchronous motor (PMSM) has been a significant topic for the last couple of decades [7] [8] [9] . Usually for small and medium-sized PMSMs, electromagnetic vibration is the major cause of the overall vibration, which results from the radial magnetic forces acting on the inner surface of stator [10] . The radial magnetic force is directly correlated with the flux density in the air-gap, so that the uniformity of air-gap of an IPMSM is very important for its vibration.
However, for the PMSM applied in an in-wheel motor driving system, the manufacture tolerance, the assembly quality, the demagnetization faults [11] , the operating conditions and the performing environments can all lead to stator and rotor core deformations and eccentricities, which are called air-gap deformation. In order to reduce the vibration of the IPMSM, the mathematical correlation between air-gap deformation and electromagnetic vibration should be analyzed.
The eccentricities in IPMSMs vary both in radial and axial directions [12] . The former is much more common and includes three types: static, dynamic, and mixed eccentricity [13] . It has been concluded that stator current is the most commonly monitored signal for fault diagnosis because it is easily monitored without sensors [14] . Ebrahimi, B. M. et al. have introduced the new index based on the decomposition wavelet transform of the stator current to analyze their relations to static and dynamic eccentricity fault and identify the eccentricity type and estimating its degree [15] . Carlos López-Torres et al. have analyzed the spectral content of the stator currents and the zero-sequence voltage component under the effects of air-gap asymmetries in five-phase ferrite-permanent magnet (PM) assisted synchronous reluctance machines [16] .
Meanwhile, many analytical methods and models have been developed to study the influences of air-gap eccentricities on the air-gap magnetic field distributions. L. Yanxin proposes an analytical method that combines the superposition and the subdomain methods to predict the air-gap magnetic field distribution in permanent magnet machines with rotor eccentricity [17] . Babaei, M. presents a new detailed analytical model of a salient-pole synchronous generator under dynamic eccentricity considering the effects of magnetic saturation, rotor pole shoe saliency, and space distribution of stator phases and rotor winding [18] . By analyzing the magnetic field distribution under the air-gap eccentricity, the unbalanced magnetic pulls can be derived [19, 20] . These together have a great impact on the electromagnetic vibration in the IPMSM [21, 22] .
On the whole, the studies on the effects of air-gap eccentricities in IPMSMs are comprehensive and mature. As another major cause of the air-gap deformation, the effect of stator and rotor core deformation also has an important research value. Thus, this paper mainly focuses on the non-uniform air-gap caused by stator and rotor core deformations, together with its effects on the spatial and temporal spectrum of the radial magnetic force in an IPMSM. The motor under investigation in this paper is a 90 kW permanent magnet synchronous in-wheel motors (PMSIWM), and the cross sectional view of the interior permanent magnet (IPM) rotor is shown in Figure 1 . The main parameters of the machine are given in Table 1 . The stator core of the IPMSM used in the in-wheel motor system may deform because of the impacting loads from the excitations of different road surfaces [23] [24] [25] . The relationship between the magnitude of the deformation and the impacting loads will be discussed in the further investigations. Moreover, due to the radial vibrations at the second harmonic frequency and the slot harmonics effect on the magnetic pull [26] , the stator will be dragged into an elliptical form after a long period of operation. Tan-Kim has analyzed the stator deformations caused by the manufacturing process of a claw-pole alternator and investigated their effects on the magnetic forces and the subsequent vibrations. The stator deformations are found to significantly increase the vibration level of particular orders [27] . Q. Lv et al. have modeled a squirrel cage induction motor with an oval stator under different eccentricity conditions and compared the performances of the motors with a circinal stator and oval stator using FEM. It has been found that the rotor eccentricity and the stator ovality can be detected by the stator currents spectra and electromagnetic torque [28] .
The rotor deformation can be mainly divided into two types: thermal deformation caused by high temperature, and pole shoe deformation caused by high centrifugal force. The combined effects of these two factors are very complex. To simplify the analytical process, the rotor deformation in this paper is focused on the centrifugal distortion of pole shoe. In fact, the rotor deformation is similar to the initiative modification of the pole shoe shape in an IPMSM. Both need to derive their mathematical correlation between the outer shape of the rotor and the air-gap magnetic field. Through the modification of the pole shoe shape, the distribution and the harmonics of the radial magnetic force density will be affected, and the dominant order of the radial force density can be reduced selectively [29] . However, unlike the initiative modification of the pole shoe shape, the rotor deformation has a high degree of complexity and uncertainty. The structural types and geometrical parameters of the interior rotors, such as the thickness of magnetic bridge, the thickness of the magnetic rib, and the angle between two PMs in a V-shaped type rotor, can all affect the centrifugal distortion of the pole shoe.
Taking this all into account, the inner surface shape of the deformed stator is supposed to be an ellipse in this paper; the ovality of the deformed stator is defined as the ratio of the amount of deformation to the original air-gap length. In addition, the distribution of rotor centrifugal distortion under a single pole is similar to one part of an eccentric circle, of which the eccentricity is the maximum deformation of the pole shoe. Therefore, the rotor core deformation studied in this paper can be regarded as a special dynamic eccentricity, which is synthesized by the eccentric effect of each pole shoe.
In Section 2, according to the proposed mathematical model of the deformed air-gap length, the superposition method is adopted to derive the air-gap permeance. Then, the formulas of magnetic flux field and radial force density of the IPMSM considering air-gap deformation are obtained. In Sections 3 and 4, the stator oval deformation and the rotor centrifugal distortion are included in the electromagnetic finite element models (FEMs). The finite element analysis (FEA) and experiments of the investigated IPMSM are carried out to verify the results obtained by the theoretical analysis.
Theoretical Analysis of Radial Magnetic Force Density Considering Air-Gap Deformation
In this section, the variation of radial air-gap length and the corresponding air-gap relative permeance can be obtained by analyzing the mathematical model of the IPMSM considering stator oval deformation and rotor centrifugal distortion. As is well known, the air-gap magnetic flux density is equal to the magnetomotive force (MMF) multiplied by the air-gap relative permeance. Since the MMF of the motor can be divided into stator MMF and rotor MMF, the air-gap magnetic flux density under air-gap deformation is also divided into two parts to analyze the different effects of no-load and high-speed load conditions. Finally, the corresponding radial magnetic force density can be obtained according to the method of Maxwell stress tensor. The formulas in this section are derived in order to analyze the additional spatial and temporal contents of the air-gap magnetic field and radial force density under different air-gap deformations.
Air-Gap Permeance
As is well known, a precise knowledge of the air-gap length plays a significant role in the formulation of the magnetic field. However, the air-gap length considering stator and rotor deformation is complex during the operation of the motor. It is difficult to describe the air-gap permeance with a single expression accurately. Therefore, in the first step of the analyzing process, the superposition method is proposed to derive the air-gap permeance of the IPMSM considering stator and rotor deformation, which is shown in Figure 2 . To simplify the calculation, the following assumptions and conditions are employed:
(1) The air-gap of the IPMSM is assumed to be smooth and uniform, with magnetic saturation and slot opening being neglected; (2) The radial air-gap length is much smaller than the stator and rotor radii; (3) The air-gap deformation is so small that the value of stator deformation at the maximum air-gap length is assumed to be the same as that at minimum air-gap length; (4) The three-phase IPMSM is fed with a sinusoidal and balanced current system. Therefore, the average air-gap length in a healthy IPMSM is written as follows:
The relative permeance of the smooth air-gap is
According to the analysis and assumptions above, the radial air-gap length of the stator oval deformation varying around the magnetic circuit periphery can be expressed as
The corresponding relative deformations are defined as
Similarly, the variation of radial air-gap length of the rotor centrifugal distortion around the magnetic circuit periphery and with time is
Thus, the relative permeance of the deformed air-gap is
For stator deformation,
For rotor deformation,
Magnetic Flux Density
The space and time distribution of the stator magnetomotive force (MMF) and rotor MMF of an IPMSM fed with sinusoidal and balanced current system can be expressed by the following equations:
The instantaneous value of the radial component magnetic flux density distribution in an IPMSM with a non-uniform air gap can be described as follows:
For the stator deformation,
For the rotor deformation,
According to Equations (12)- (15), the additional contents of magnetic flux density in the IPMSM considering stator oval deformation and rotor centrifugal distortion at different operating conditions are summarized in Table 2 . Table 2 . Additional contents of magnetic flux density in the IPMSM.
Source
Order Frequency (Hz)
Stator deformation
No-load condition
On-load condition
Radial Magnetic Force Density
According to the method of Maxwell stress tensor, the radial magnetic force density waveform at any point of the air-gap can be expressed as:
The radial force waves can be divided into three groups:
(1) the product (b 1 (α,t)) 2 of the stator harmonics of the same number v; (2) the product (b 2 (α,t)) 2 of the rotor harmonics of the same number µ; (3) the product 2b 1 (α,t)b 2 (α,t) of the stator v and rotor µ harmonics.
In fact, the fundamental magnetic field plays a dominant role in the calculation of radial magnetic force density. Thus, we let v = 1 and µ = 1. For the stator deformation,
Similarly, according to Equations (17)- (22), Table 3 shows the additional contents of radial force density in the IPMSM considering stator oval deformation and rotor centrifugal distortion. The constant terms in these equations, which do not vary with the time, make no contribution to vibration and can be neglected. Table 3 . Additional contents of radial magnetic force density in the IPMSM.
Order
Order (Circumferential Mode) Frequency (Hz)
Rotor deformation
FEA of Air-Gap Deformation Effects
FEM is a powerful numerical method which takes into account rotor saliency, stator slots, and magnetic saturation in the modeling and simulation process of healthy and faulty IPMSMs. Therefore, the electromagnetic model of the IPMSM considering the variation of the value of stator and rotor deformations is built with the software FLUX 12.2 (Altair, Antony, France) for transient magnetic calculation, as shown in Figure 3 . In order to analyze the spatial harmonics of the radial air-gap flux density and radial force density conveniently and accurately, the whole finite element model of motor is adopted. The infinite box around the outer face of stator is used to define the boundary condition.
In this section, the radial components of the air-gap flux field at no-load condition (4000 rpm, 0 N·m) and at high-speed load condition (4000 rpm, 135 N·m) are computed and then employed to calculate radial force density. Through the harmonic analysis of flux field and radial force density, the influence of stator and rotor deformations is investigated. Figure 4 shows the radial component of air-gap flux density distribution and the corresponding harmonic orders at the no-load condition, which varies with the value of the stator oval deformation. According to Equation (16), the corresponding radial force density can be calculated. The threedimensional waveform of radial magnetic force density and its spatial and temporal harmonic analysis are shown in Figures 5 and 6 , respectively. The electromagnetic FEM of the IPMSM considering air-gap deformation in this paper has taken into account rotor saliency, stator slots, and magnetic saturation. Thus, the 10th harmonic of magnetic flux density, which appears in the FEA results, mainly comes from the effect of the slotted stator when the air-gap deformation is equal to 0. With the ovality of the stator increasing from 0 to 40%, the 10th harmonic content of radial magnetic flux density increases to a much greater extent than others. The result is consistent with the theoretical analysis in Equation (13), which indicates that the (p ± 2)th harmonic is the main additional content of radial flux density due to the stator deformation at no-load condition. In this case, (14, 2f ) and (18, 2f ) are the main additional contents of radial force density according to the theoretical results in Equation (18) and Table 3 . The FEA results show that (2, 2f ), (14, 2f ) and (18, 2f ) increase greatly with the stator deformation increasing, which is consistent with the theoretical results. However, among all these additional contents, (2, 2f ) is mainly caused by the slotted stator, which is not considered in the theoretical analysis. 
Effects of Stator Deformation

No-Load Condition
High-Speed Load Condition
As is well known, both the amplitude and the frequency of radial force density are important in relation to vibration behavior of the machine and they vary significantly from no-load to on-load conditions. In the high-speed load operation, the IPMSM is operating at the flux-weakening area so that a larger d-axis demagnetizing current is required. This makes the harmonic contents of magnetic flux density change a great deal. Figure 7 illustrates the analysis of the radial component of air-gap flux density in the IPMSM with stator deformation at high-speed load condition. In this case, the radial force density comes from the interaction of the permanent magnet field and the armature reaction field. Combined with Equations (14) and (15), the main additional harmonics of radial flux density due to the stator deformation at a high-speed load condition is similar to those at no-load condition. The only difference is the increasing rate of the (p ± 2)th harmonic, which is also verified by the FEA. Figures 8 and 9 show the three-dimensional waveform and the harmonic analysis of radial force density in this case, respectively. Similarly, (14, 2f ) and (18, 2f ) are also the main additional contents at high-speed load condition. In addition, due to the involvement of the armature reaction field, the increasing rate of the (2p ± 4, 2f ) becomes much greater. As is shown in Table 3 , good agreements between theoretical analysis results and FEA results have been achieved in the two mentioned cases. In fact, except the zero order, the lowest value of the radial force density is equal to the greatest common divisor of the pole and slot number. It should be noted that the lowest order of the radial force density is very important for the vibration behavior of the motor at different loading conditions. Since the lowest order of this 16p18s IPMSM with fractional-slot concentrated windings is second order, the (2, 2f ) among all additional contents has the most important influence on the electromagnetic vibration. Therefore, the radial magnetic force density of the investigated IPMSM with deformed stator increases the vibration level greatly, and the vibration at high-speed load condition is greater than that at the no-load condition.
Effects of Rotor Deformation
No-Load Condition
Similar to the analysis of the stator oval deformation, with the relative deformation of the rotor pole shoe increasing from 0 to 40%, the analysis of the radial component of air-gap flux density in the IPMSM at no-load condition is given in Figure 10 . The three-dimensional waveform and the harmonic contents analysis of corresponding radial force density are shown in Figures 11 and 12 , respectively. Unlike the stator oval deformation, the effect of rotor deformation is related to the number of poles, 2p. The average air-gap length reduces due to the rotor core deformation, which could lead to an increase in the average permeance. According to Equation (15), the 8th harmonic, which is the main wave content of the investigated IPMSM, has a significant increase due to rotor deformation. However, the 10th harmonic content also increases to a greater extent than others because of the effect of the slotted stator core on the air-gap permeance. As a consequence, the (2p, 2f ) of radial magnetic force density is the main additional content due to rotor deformation, which is shown in Table 3 . In addition, the interaction of the rotor magnetic field and the slotted structure of the stator at no-load condition mainly produces the (2, 2f ) and (2p ± 2, 2f ) contents. With the rotor deformation becoming large, the magnitude of these contents would have a corresponding increase in Figure 12 . Figure 13 illustrates the analysis of the radial air-gap flux density in the IPMSM with rotor deformation at high-speed load condition. Figures 14 and 15 show the three-dimensional waveform and the harmonic analysis of radial force density in this case, respectively. The FEA results shown in Figure 13 indicate that the variation trend of the 8th harmonic of flux density at loading condition is the same as that at no-load condition, which has been presented in Table 3 . The 10th harmonic is weakly influenced by rotor deformation at this case and this may be caused by the larger d-axis demagnetizing current. In addition, due to the increasing of fundamental flux field, the additional content of radial force density concentrates in the (16, 2f ) . As mentioned before, the (2, 2f ) and (2p ± 2, 2f ) contents result from the slotted stator. It should be noted that the increase of the lowest order (2, 2f ) will lead to a corresponding increase in the vibration level of the investigated 16p18s IPMSM at high-speed load condition. In fact, the lowest order of the radial force density in the IPMSM with integer-slot windings, for example, 8p48s, is equal to the number of poles. Thus, the pole shoe deformation can lead to a higher lowest-order spatial harmonic, which has a significant effect on the vibration.
High-Speed Load Condition
Since the stator slots and magnetic saturation have not been taken into account, there are some differences between the results of theoretical analysis and the FEA. In order to analyze the harmonics clearly, all factors including current harmonics, stator slots and magnetic saturation combined with stator and rotor deformations will be considered in the following research.
Vibration Experiments
With the prototype of the investigated IPMSM fabricated, the motor vibration experiments at different operations have been carried out. Figure 16 shows the experimental platform for the IPMSM prototype. The instruments applied in the experiments are illustrated in the figure. When the prototype has run for a long time at different operations, the corresponding vibrating spectral analysis in these cases is recorded in Figure 17 . In fact, the deformation of the inner surface of the stator core have been measured before the IPMSM prototype assembly. The maximum deformation is approximately equal to 0.01 mm, which is much smaller than the air-gap length. Moreover, the radial impacting loads from the excitations of different road surfaces cannot be simulated on this platform. Thus, the effect of the stator deformation on the vibration is small and difficult to observe in this prototype.
Meanwhile, in the whole process of the vibration experiments, the prototype has a mechanical resonance when the rotating speed is at about 3300 rpm. The peak-speed operating point is far from the resonance area. Thus, it is possible to determine that the mechanical resonance of the stator system is not the cause of the increase of surface vibration acceleration at no-load condition.
In addition, through the thermal analysis of the IPMSM prototype, the steady-state temperature rise at high-speed condition is about 100 • C. Therefore, the maximum thermal deformation of the pole shoe is calculated to be about 0.2 mm by software ABAQUS 6.12 (SIMULIA, Velizy Villacoublay, France), where the thermal expansion coefficient of the rotor core is equal to 13.5 × 10 −6 1/ • C. Compared with the air-gap length, the thermal deformation of the pole shoe is relatively large, which indicates that its effect is really significant. Meanwhile, rotor centrifugal distortion of the IPMSM prototype at peak speed is also obtained by ABAQUS, and the maximum value is about 0.12 mm. Through the superposition of thermal deformation and centrifugal distortion, the rotor deformation of the IPMSM prototype would increase significantly for a long time operation at peak speed.
The results in Figure 17 indicate that the vibration acceleration of the prototype increases greatly when the rotating speed rises from the rated value to maximum value at no-load condition. In addition, the vibration level at the high-speed load condition also has a certain increase compared with that at no-load condition, which is mainly caused by the non-sinusodial stator current fed from the pulse width modulation inverter in the experiments. Therefore, according to the results of the theoretical analysis and FEA, the rotor pole shoe deformation should be one of the main causes that lead to an increase in the vibration level.
Conclusions
The work presented in this paper deals with a detailed analysis of the air-gap deformation, together with its effects on the radial magnetic force density in an IPMSM.
According to the formulations of flux field and radial force density derived in the theoretical analysis, it is concluded that the additional harmonic contents of radial force density caused by the stator oval deformation are (2p ± 2, 2f ) and (2p ± 4, 2f ), and the additional content caused by the rotor deformation is (2p, 2f ). With the stator oval deformation and the rotor centrifugal distortion considering in the electromagnetic FEMs, all these results have been verified by the FEA; the (2, 2f ) has also increased because of the slotted stator, which is not taken into account in the theoretical analysis. Combined with the results of the theoretical analysis and FEA, the experiments of the IPMSM prototype at different operations can verify that the rotor deformation is an important factor which affects the vibration level when the rotating speed rises up to a certain value.
All of the results indicate that considering the air-gap deformation helps to accurately predict and evaluate the vibration level and easily solve problems of mutual influence between electromagnetic and mechanical characteristics during the optimization design of IPMSM, which would be investigated in the further study.
